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Abstract
We found cosmological solution of the 6D standing wave braneworld model generated
by gravity coupled to a massless scalar phantom-like field. By obtaining a full exact
solution of the model we found a novel dynamical mechanism in which the anisotropic
nature of the primordial metric gives rise to expansion of three spatial brane dimensions
and affectively reduction of other spatial directions. This dynamical mechanism can be
relevant for dimensional reduction in string and other higher dimensional theories in the
attempt of getting a 4D isotropic expanding space-time.
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Braneworld models with large extra dimensions [1, 2] have been very useful in address-
ing several problems in high energy physics (for reviews see [3]). Most of the braneworlds
are realized as time-independent configurations, however, mostly within the framework of cos-
mological studies, there have been proposed models that employ time-dependent metrics and
matter fields [4]. Recently was proposed novel non-stationary braneworld generated by stand-
ing gravitational waves minimally coupled to a bulk scalar field [5–7]. In this paper we study
cosmological solution to the specific 6D standing waves braneworld [7] involved a phantom-like
scalar fields. In our model the phantom scalar field is present only in the bulk and does not
couple to ordinary matter on the brane (to avoid the well-known problems of stability which
occur with ghost fields).
We consider 6D space-time, having the signature (+,−,−,−,−,−), with a non-self inter-
acting phantom-like scalar field coupled to gravity:
S =
∫
d6x
√
g
(
M4
2
R− 1
2
gMN∂Mφ∂Nφ+ Lb
)
, (1)
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where Lb is a brane lagrangian andM is the fundamental scale, which relates to the 6D Newton
constant:
G =
1
8piM4
. (2)
Capital Latin indexes numerate the coordinates of 6D space-time and we use the units where
c = ~ = 1.
Variation of the action (1) with respect to gAB leads to the 6D Einstein equations:
RAB =
1
M4
(
−∂Aφ∂Bφ+ TAB − 1
4
gABT
)
. (3)
Here TAB is the brane energy-stress tensor:
TBA = M
4diag[λt, λα, λα, λα, 0, λθ]δ(r) , T = M
4λδ(r) , (4)
where λ =
∑
λAA.
To solve the system (3) and (4), similar to our previous article [7], we take the metric ansatz:
ds2 = eSdt2 − a2eu (dx2 + dy2 + dz2)− dr2 − 1
a6
e−3udθ2 , (5)
and suppose that the metric functions, S(|r|), u(t, |r|), and the phantom-like scalar field,
φ(t, |r|), depend only on time, t, and on the modulus of the extra dimension coordinate, r.
In (5) a = a(t) denotes cosmological scale factor and the second extra dimension, θ, is consid-
ered to be compact, curled up to the unobservable sizes for the present accelerators energies.
By the metric (5) we want to describe geometry of the brane placed at the origin of the
large extra dimension, r. Advantage of the ansatz (5) is that it looks symmetric in the brane
coordinates x, y and z, while in 5D standing waves braneworlds [5] the brane 3-plain is non-
symmetrically warped. Also (5) is simpler than the metrics considered in the models [6], since
it contains only one singular point, r = 0, where the brane is placed to smooth the singularity.
The system of Einstein equations (3) for the ansatz (5) takes the form [7]:
12
a˙u˙
a
+ 3u˙2 + 12
a˙2
a2
− 1
2
S ′′eS − δ(r)S ′eS − 1
4
S ′2eS =
1
M4
φ˙2 + eS
(
λt − 1
4
λ
)
δ(r) ,
3u′
(
2
a˙
a
+ u˙
)
=
1
M4
φ′φ˙ ,
1
2
S ′′ +
1
4
S ′2 + 3u′2 + S ′δ(r) =
1
M4
φ′2 +
1
4
λδ(r) , (6)
e−S
4
[
−4 a¨
a
− 2u¨+ 4 a˙
2
a2
+ S ′eSu′ + 2u′′eS + 4u′eSδ(r)
]
= −
(
λα − 1
4
λ
)
δ(r) ,
3e−S
4
[
−4 a¨
a
− 2u¨+ 4 a˙
2
a2
+ S ′eSu′ + 2u′′eS + 4u′eSδ(r)
]
=
(
λθ − 1
4
λ
)
δ(r) .
where overdots and primes mean derivatives with respect to t and |r|, respectively.
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In our previous paper [7] we considered localization problem of matter fields on the brane
and for simplicity assume the metric field, u, to be proportional to the bulk phantom-like field,
φ. In this paper we want to study cosmology of the model and, as in similar 5D case [10],
consider more general assumption, namely:
u(t, r)′ =
1√
3M4
φ(t, r)′ ,
u˙(t, r) + 2
a˙
a
=
1√
3M4
φ˙(t, r) . (7)
At the origin r = 0 we introduce also the jump conditions:
{S ′} = −λt + 1
4
λ ,
{u′} = 1
4
(λθ − λα) , (8)
λt = 0 .
These relation, together with (7) and (8), brings the system (6) to the form:
S ′′ +
1
2
S ′2 = 0 ,
−2u¨+ S ′eSu′ + 2u′′eS = 0 , (9)
− a¨
a
+
a˙2
a2
= 0 .
Solution of the first equation of (9) with the boundary condition:
S(0) = 0 , (10)
(leading to the Minkowski metric at r = 0) is:
S = ln
(
1 +
|r|
b
)2
, (11)
b is a constant corresponding to the width of the brane towards the large extra dimension r.
Using (11) and letting
u(t, |r|) = sin(ωt)f(|r|) , (12)
the second equation of (9) takes the form:
f ′′ +
1
b+ |r|f
′ +
b2ω2
(b+ |r|)2f = 0 . (13)
Solution to this equation, again leading to the Minkowski metric at r = 0, is:
f(|r|) = C sin
(
bω ln
[
1 +
|r|
b
])
, (14)
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where C is another integration constant.
Solution of the last equation of (9) has the form:
a(t) = eHt , (15)
which describes the expansion law of the brane 3-surface.
To obtain the full set of solutions we need also to determine the λ coefficients in (8). Using
(11) and (14) the jump conditions (8) takes the form:
{S ′} = 2
b
,
{u′} = Cω sin(ωt) . (16)
Compering (8) and (16) we find:
λθ =
2
b
+ 3Cω sin(ωt) ,
λα =
2
b
− Cω sin(ωt) , (17)
where the first terms are the brane tensions and the second terms correspond to the brane
oscillations.
Finally the solution of Einstein equations for our ansatz (5) is:
ds2 =
(
1 +
|r|
a
)2
dt2 − e2Htesin(ωt)f(|r|) (dx2 + dy2 + dz2)− dr2 − e−6Hte−3sin(ωt)f(|r|)dθ2 , (18)
where the function f(|r|) is done by (14). This expression differs from the analogous solution
of [7] by the exponential scale factors e±Ht. So amplitudes of the oscillatory exponents in (18)
increases/decreases with time depending on the sign of the constant H , wile the brane is resided
at r = 0, in one of the nodes of the bulk standing waves, since f(0) = 0.
For short time intervals we can assume Ht→ 0 and, if the frequency of the standing waves
ω is much larger than the frequencies associated with the energies of particles on the brane,
one can perform a time averaging of the oscillating exponents in (18). In [7,8] it was explicitly
demonstrated that the resulting r-dependent functions form potential wells and can provide
pure gravitational localization of matter fields on the brane.
For the large (cosmological) time intervals we can perform a time averaging of the oscillating
exponents in (18) even for small frequencies ω. Using the formula for time averages [5, 8]:
〈efsin(t)〉 = I0(f) , (19)
where I0(f) denotes the zero order modified Bessel function, the metric (18) reduces to:
ds2 =
(
1 +
|r|
a
)2
dt2 − e2HtI0(f)
(
dx2 + dy2 + dz2
)− dr2 − e−6HtI0(−3f)dθ2 . (20)
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The properties of the space-time (20) crucially depend on the sign of the constant H . For the
positive constant,
H > 0 , (21)
the space-time (20) expands exponentially in the x, y and z directions, while the angle θ
squeezes. This means that in a macroscopical time interval the space will effectively have three
space-like dimensions (since f(0) = 0 and I0(0) = 1),
ds2 = dt2 − e2Ht (dx2 + dy2 + dz2) , (22)
i.e. spatial volume performs inflationary expansion.
It is known that braneworld models can provide with a geometrical mechanism of dimen-
sional reduction supported by a curved extra dimension. For example, recently within the type
IIB superstring theory it was introduced a 10-dimensional model where three out of nine spatial
directions start to expand, leading to a space with SO(3) symmetry instead of SO(9) [9]. In
this paper we have demonstrated that a similar dynamical mechanism can be formulated within
the standing wave braneworld models generated by gravity coupled to a phantom-like scalar
field (see also [10]). Namely, by starting with an anisotropic 6D metric and leaving it evolve for
large times, certain spatial dimensions will shrink to zero-size while others will expand in an
accelerated way. Without changing of the main features of the model the number of compact
extra dimensions θ in (20) can be increased [11]. So the mechanism of dynamical dimensional
reduction of multi-dimensional surfaces obtained in this paper could be useful for wide class of
string models.
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